In some CFT models of simple current type, which are used to describe string theory on orbifolds and (adjoint) cosets of Lie groups, there arise fixed points of the simple current group. In these cases, the standard procedure to associate functions to Ishibashi states by averaging out the action of the simple current group, gives functions with unsatisfactory properties. In some cases the averaged Ishibashi function simply vanishes, which we see explicitly in SO(3) at level k = 4l+2. In this note, an alternative function assignment is suggested, and it is shown that in some cases the resulting Ishibashi functions are orthogonal.
Introduction
D-branes in string theory can be described in (at least) two different ways. One can, in the Lagrangian description, impose boundary conditions that restrict the end points of the string to live on certain subsets of the target space. Then, under certain conditions, the field theory on the world sheet is conformal [1, 2] . Alternatively, one can introduce boundary states in CFT and directly impose conformal invariance and other symmetry conditions. These boundary conditions can then (less directly) be given a geometrical interpretation in terms of functions on the target space. This function is interpreted as describing the localization of the string endpoint. In free boson theories, the boundary states turn out to correspond in a natural way to delta functions on the target space, in perfect agreement with the imposed boundary conditions in the Lagrangian description [3] . In WZW models, there is also an agreement between the descriptions, in the sense that the boundary states converge to certain delta functions in the limit of large level [4] 2 . One would like to generalize this procedure to sigma models on orbifolds of Lie groups, and to coset models.
We consider boundary states that are rational, which are often symmetry preserving (they do not necessarily preserve the maximally extended symmetry). These boundary states can be used to construct a CFT for which correlators exist on all world sheets [6] . In particular, they satisfy the Cardy constraints. The Ishibashi blocks, or Ishibashi states, are obtained as a natural basis of solutions of the Ward identities. In the WZW theories we start from, the target space is a connected, simply connected compact Lie group G. The Peter-Weyl theorem establishes a relation between closed massless string states and functions on G. Thus, it is natural to associate group characters to Ishibashi states. This gives the boundary states shapes that converge, in the limit of large level, to certain delta distributions on the group [4] . We consider the shape of boundary states in a target space which is a Γ-orbifold of G, where Γ is a finite group. The Ishibashi blocks in the corresponding CFT are constructed with simple current methods [7, 6] , and we would like to associate functions to these. One procedure is to average out the action of Γ on the Ishibashi functions on G, cf. [8, 9] . (Or, equivalently, one averages the functions associated to the boundary states over the action of the orbifold group.) This gives functions that are manifestly invariant under the orbifold group action, and therefore descend to functions on the orbifold space G/Γ. However, when there are fixed points, this procedure gives Ishibashi functions of which some are vanishing, or associates the same function to different Ishibashis. This mismatch is unsatisfactory, because the Ishibashis should be orthogonal [10] , and it is natural to expect the same for the associated functions.
The origin of this mismatch is the fact that in the CFT description, the Ishibashis are not labeled with the same labels as the primary fields (to which functions are naturally associated). Instead we have pairs (Λ f , J), satisfying certain conditions, cf. [11, 7] . Here, Λ f is a label of a primary field in the covering theory, J is a simple current used to define the orbifold, and J * Λ f = Λ f . The symbol * denotes the fusion product, under which the set of simple currents is a group.
For concreteness, we consider the orbifold SU(2)/Z 2 = SO(3). There is a simple current k and a fixed point
. We face two problems : I) At level k = 4l + 2, the label m = k/2 occurs as (part of) an allowed Ishibashi label, namely (k/2, k), but it is not an allowed primary, and the function associated to this Ishibashi by the averaging procedure vanishes. II) If instead k = 4l, we have two allowed Ishibashi labels (k/2, k) and (k/2, 0), which are both associated to the same function with the averaging procedure.
In both cases we run into trouble with the orthogonality of the Ishibashis [10] 
In the Lagrangian description, one associates the structure of a gerbe module to the branes [1] . Branes that are supported at the same submanifolds may differ by nothing more than their gerbe module structure, and this happens precisely when there are fixed points in the CFT description. The aim of the present paper is to find a description that resolves the ambiguity II at finite values of the level. In section 2, a procedure to associate functions to Ishibashi blocks is suggested for r = 1, (2.3). For higher rank groups, (2.5) is suggested and its implications are analyzed. In the final part, we also propose a way to resolve the ambiguity I. In section 3, the implications of (2.3) are investigated. In the fourth and final section, the diagonal coset model
Ishibashi functions
Let e iπH ∈ Z ⊂ G be a nontrivial element of the center, where H is a Cartan generator of g = Lie(G). A representation function at ge ix·H is related to its value at g as
Recall [12] that the functions D Λ ab are orthogonal in all three indices with the usual scalar product (integration with the Haar measure). A character at this argument can be written as
The sum is over all weights a in the representation Λ.
Let us, to begin with, focus on the case SO(3) = SU(2)/Z 2 . The two elements of the simple current group Z 2 are denoted 0 and k, and their action under fusion is 0 * j = j and k * j = k −j. The simple current group has a fixed point under the simple current action; k * k/2 = k/2. When k = 4l, this fixed point corresponds to a primary field in SO(3). Then we have Ishibashis which are 2-fold degenerate and are labeled by pairs (Λ, J) with the degeneracy J ∈ {0, k} = {k n } with n ∈ {0, 1} and Λ = k/2 is the fixed point. Denote by |Λ| the dimension of the (horizontal) su(2)-representation with highest weight Λ. One can associate to the Ishibashi labeled (Λ, J) the function
Here, G = SU(2) and |G| = 2π 2 (kα ′ ) 3/2 denotes the volume of the group [13] . For both values of n, (2.3) defines a function on SO(3). We shall see that they are not only linearly independent, but in fact orthogonal. Consider the scalar product of two Ishibashis with different labels n = 0 and n ′ = 1, calculated via their functions,
Recall |Λ| = Λ+1 and a = −Λ, −Λ+2, ..., Λ−2, Λ, so the sum is a sum over roots of unity e iπa/|Λ| . Ishibashis with different degeneracy labels are now orthogonal, as they should be, see [10] eq. (4.40). Moreover, the normalization of the individual Ishibashis is left unchanged. This is the prescription to resolve degenerate Ishibashi functions that will be applied in the coming section.
The rest of this section is on generalizing the above procedure to higher rank groups. The simple currents of the WZW models (with one exception, which occurs for E 8 ) are labeled by k times the fundamental weights Λ (i) with a i = 1 [14] . These are the cominimal weights, cf. the table in [14] , p 203. The Λ (i) are the highest weights of the fundamental representations, and Λ (0) is the unit element in the fusion ring, hence also of the simple current group. E 8 at level k = 2 has an additional simple current Λ (7) . There exists a simple current group ismorphism
We also require that we have an action of the simple currents on the Ishibashis,
, as in the case without fixed points [5] . In the light of the simple current -center isomorphism, it would seem natural to set
) is a class function, which we know is a linear combination of characters. We require that the Ishibashi functions are linearly independent. Thus, we associate functions
We shall now investigate whether the prescription (2.5) leads to Ishibashi functions which are also orthogonal (with the right choice of ξ), in which case the basis for Ishibashis suggested in [10] is indeed orthogonal. The scalar product between two Ishibashis with Λ f a fixed point, is
Thus, the questions wether these Ishibashis are orthogonal reduces to a calculation of the corresponding horizontal Lie algebra characterχ
When we consider the fixed point Λ = mρ (which appears in all Lie groups at level k = mg ∨ ), it is useful to rewrite the Lie algebra character with the Weyl character formula
If Λ (i) = Λ (j) , we have a character evaluated at the origin, which takes the value |Λ|. Otherwise, one can show that Λ (i) − Λ (j) = ω(Λ (k) ) for some fundamental weight Λ (k) = 0, and some Weyl group element ω ∈ W . To prove this, we need to do a case by case analysis where [16] is a useful reference. For illustration, consider E 6 , which has a Z 3 simple current group with cominimal weights Λ (1) and Λ (5) . In terms of fundamental Weyl reflections w i (λ) = λ − λ i α (i) on finds (e. g. by an algorithm suggested in [17] ) that
Similarly, one can show in all other cases as well that for all simple currents Λ (i) , Λ (j) the difference is a horizontal Weyl element acting on a fundamental weight Λ (k) = 0.
We use this fact to proceed with our calculation of the Ishibashi function scalar product,
We can now use the denominator identity to rewrite both the denominator and the numerator,
The product is over the positive roots. Some factors in both products vanish because (α j , Λ (k) ) = 0 for simple α j with j = k. This happens at both sides of the fraction, thus we shall ignore those factors. The other factors where α contains α k are the ones which do not vanish for all ξ. We shall choose ξ such that sin 1 2 (m+1)ξ(α k , Λ (k) ) = 0 and sin
Then the Ishibashis have the desired orthogonality. We set
, hence the Ishibashis are indeed orthogonal. Thus, for these Lie groups, our prescription yields a natural basis of Ishibashi functions that are orthogonal in the labels mρ, Λ (i) . These Ishibashi functions can then be used to build the boundary state functions, which describe the shape of the D-branes. This will be displayed in detail for SU(2)/Z 2 = SO(3) below.
As an example of a fixed point that is not of the form Λ = mρ, we consider SU(4) at level k = 4 where the simple current Λ (2) has the fixed point Λ f = 2Λ (0) + 2Λ (2) , the horizontal part of which isΛ = (0, 2, 0). The character is χ (0,2,0) (iξΛ (2) ) = 10 + 2 cos(2ξ) + 8 cos(ξ) , (2.13) which does not vanish for any (real) value of ξ. As the simple current group has only two elements, and precisely one of the functions (2.5) associated to the fixed point Ishibashi labels is a class function, it is clear that the two functions are linearly independent. But to obtain an orthogonal basis of Ishibashis, it appears that we must take a linear combination of {Λ (0) , Λ (2) } to label the degeneracy. The simple current Λ (2) also has the fixed point Λ f = 2Λ (1) + 2Λ (3) ; for this fixed point, the corresponding horizontal character does vanish with any choice of ξ. Thus, {Λ (0) , Λ (2) } provides in this case an orthogonal basis of degeneracy labels.
That the Ishibashis can be made orthogonal for Λ f = (2, 0, 2), but not for Λ f = (0, 2, 0), is related to the fact that the former representation has more states (84 instead of 20). Since the states in the representations are distributed on regular polygons, a large representation will typically have a smaller percentage of states orthogonal to the axis Λ (2) . Thus, we expect the failure of the Ishibashi functions to be orthogonal in the (0, 2, 0) case to be a small level phenomenon, which is supported by an analysis of other cases. For example, in SU(6) at level k = 2, the current Λ (3) has 3 fixed points of dimensions 20, 84 and 84. An analysis of the orthogonality of the Ishibashi functions (2.5) gives similar conclusions as in the case SU(4) at level k = 4.
The missing function As already mentioned, in SO(3) = SU(2)/Z 2 at level k = 4l + 2, we get a label κ for the Ishibashi which does not correspond to a primary field in the quotient theory, and thus cannot in an obvious way be related to a function on the quotient space. However, we can take a fundamental domain (of the Γ-action) D ⊂ M in the covering space M (which in our applications is a Lie group, but the considerations are general). On M, we do have a natural Ishibashi function I 
Ishibashis of SO(3)
The CFT SO(3) k can be described as a simple current extension of SU(2) k when k = 4l, and as a permutation invariant when k = 4l + 2. The primary fields in the covering SU(2) k are labeled j = 0, 1, ..., k. The simple current group is G = Z 2 = {k, 0}. The nontrivial element acts via fusion as k * j = k − j and its fixed point is k/2. The Ishibashis are labeled (m, J) with
cf. [7] . Since G is cyclic, the discrete torsion X vanishes except for X(k, k) = 
mod Z. When k = 4l + 2, we have discrete torsion in the sense X = 0 (but not in the sense of a freedom of choice in X). There are two types of Ishibashi labels in the simple current construction; the regular type
and one Ishibashi of exceptional type
Both species are always present, and the first type Ishibashis are labeled by the allowed primary fields. The Ishibashis are expected to be orthogonal to each other, [10] , and therefore the function cannot only depend on more the first entry in the pair (m, J). Thus, the associated function cannot simply be the character χ m (g) averaged over the orbifold group; instead (2.3) is suggested. Alternatively, we take (2.5) with ξ given by (2.12), which reduces to (2.3) in this case. Recall that the group manifold SO(3) = SU(2)/Z 2 is the set of equivalence classes
The stabilizer of this identification is trivial for all g. A function on SO (3) is a function on the covering for which f (zg) = f (g). In the case k = 4l + 2 we have
Simply averaging a sum of these over the orbifold group gives an everywhere vanishing function. Therefore, the group character χ k/2 (g) cannot be projected to SO(3) by this averaging procedure. Instead, we may proceed as follows: for each [g] ∈ SO(3) pick a representative g that lies in the upper hemisphere of SU (2), which is the set of points with ψ < π/2 in the parametrization
The character χ k/2 (which is an odd function of ψ on SU (2)), can be modified to an even functionχ k/2 on SU(2) by definingχ k/2 := χ k/2 on the upper hemisphere, andχ k/2 := − χ k/2 on the lower hemisphere. Note that χ k/2 = 0 on the equatorial plane. To the Ishibashi labelled (k/2, k) = (2l + 1, k), we associate
This function is orthogonal to all SO(3)-characters: the allowed SO(3)-characters are of the form χ 2n and are even functions as well, thus we may evaluate the scalar product by just integrating over the upper hemisphere. Then we can use invariance of the measure to obtain
Boundary states Recall that the boundary labels are orbits [j, ψ j ], where j is an SU(2) label that representats a G ∼ = Z 2 orbit, and ψ j is a character of C j ⊂ S j . The subgroup C j of the stabilizer S j is in our case given by C j = S j . Further, C k/2 = Z 2 , and all other C j are trivial. Hence ψ j is a degeneracy label that takes values ±1. A list of boundary labels is (supressing trivial labels)
The boundarry states [j] with odd j do not correspond to primary fields of SO(3) 2k and are interpreted as being symmetry-breaking. There are k/2 + 2 states in this list, just as many Shape of the boundary states Now we are ready to compute some of these boundary shapes. At level k = 4l, we have a fractional boundary state with j = k/2 = 2l. With (2.3), the shape of the fractional boundary state is
where ψ(k) = ±1. The shift g → e iπ 2l+1 σ 3 g is interpreted as a tilting of the conjugacy class by an angle π/(2l + 1). In [9] and [8] the ψ-dependent last term does not contribute with a full group character.
The coset [SU(2)×SU(2)]/Ad(SU(2))
The prescription (2.3) can be applied to coset models with nontrivial field identification fixed points, in particular to the coset
which is the set of equivalence classes [
We use the parametrization
2)
The CFT description of a sigma model with target space an adjoint coset Q = G/Ad(H), where H ⊂ G, goes as follows. The primary fields are labelled by certain pairs (j, m) where j is a primary in G and m a primary inH. HereH is a certain CFT related to H (the modular tensor category describing the primary fields ofH is the dual of the MTC associated to H [18] ). Not all pairs (j, m) of labels appear in the coset, there are selection rules and field identifications, which (for non-Maverick cosets) can be obtained by a simple current construction. The relevant simple current group (in this setting called identification group) is the one that geometrically corresponds to Z G ∩ H. In our model (4.1), the identification group is generated by (−e, −e) ∈ G × G, which corresponds to Z 2 = {(0, 0, 0), (k, l, k + l)}. The monodromy of a label with respect to this current is required to be integer, which leads to the selection rule
The shape of the fractional Ishibashi is the analoguous projection of the product of twisted characters, The Ishibashi function (4.9) is orthogonal to the other Ishibashi functions (4.8), because the scalar product can be lifted to the covering G×G×G where orthogonality follows from previous considerations. The shapes of the boundary states can now be calculated by using the boundary coefficients given in [7] . The results of this calculation are more complicated than enlightening; we refrain from presenting them here.
